Let F be a field, ℓ a prime and D a central division F -algebra of ℓ-power degree. By the Rost kernel of D we mean the subgroup of F * consisting of elements λ such that the cohomology class (D) ∪ (λ) ∈ H 3 (F, Q ℓ /Z ℓ (2)) vanishes. In 1985, Suslin conjectured that the Rost kernel is generated by i-th powers of reduced norms from D ⊗i , ∀i ≥ 1. Despite of known counterexamples, we prove some new cases of Suslin's conjecture. We assume F is a henselian discrete valuation field with residue field k of characteristic different from ℓ. When D has period ℓ, we show that Suslin's conjecture holds if either k is a 2-local field or the cohomological ℓ-dimension cd ℓ (k) of k is ≤ 2. When the period is arbitrary, we prove the same result when k itself is a henselian discrete valuation field with cd ℓ (k) ≤ 2. In the case ℓ = char(k) an analog is obtained for tamely ramified algebras. We conjecture that Suslin's conjecture holds for all fields of cohomological dimension 3.
Introduction
Let F be a field and ℓ a prime number. For simplicity we first assume ℓ is different from the characteristic of F . For an integer d ≥ 1, we write H d (F ) = H d (F, Q ℓ /Z ℓ (d − 1)), the inductive limit of the Galois cohomology groups H d (F, µ
, r ≥ 1. An element α ∈ H 2 (F ) may be identified with a Brauer class in the ℓ-primary torsion part of the Brauer group Br(F ). Taking the cup product with α yields a well defined group homomorphism R α : F * −→ H 3 (F ) ; λ −→ α ∪ (λ) .
The kernel of R α will be called the Rost kernel of α. Write Nrd(α) := Nrd(D * ), where D is the central division F -algebra in the Brauer class α and Nrd : D * → F * denotes the reduced norm map on the nonzero elements of D. It is well known that Nrd(α) is contained in the Rost kernel of α.
We remark that when ℓ = char(F ), the groups In [PS15, Thm. 4 .1], this result is stated with the extra assumptions that F has have characteristic 0 and cohomological dimension ≤ 3. A careful inspection shows that these assumptions are not used in the proof. (Notice however that the cohomolgical 2-dimension is indeed ≤ 3 under our assumption on the isotropy of 12 dimensional forms.)
(We will prove a characteristic 2 version in Prop. 2.1.)
In general, the equality ker(R α ) = Nrd(α) may not hold. In fact, there exists a field F of cohomological dimension 3 in characteristic 0 and a biquaternion algebra over F whose Rost kernel contains more elements than the reduced norms (see [CTPS12, Remark 5 .1]). A description of the Rost kernel was conjectured by Suslin as follows: Nrd(ℓ i α)
Here for a multiplicative abelian group A and an integer m ≥ 1, A m denotes the subgroup consisting of m-th powers in A. We will call n i=0 Nrd(ℓ i α) ℓ i the Suslin kernel of α. We may also consider the induced map
which is often called the Rost invariant map associated to the semisimple simply connected algebraic group SL 1 (D) (see e.g. [Mer03] ). In the special case per(α) = ℓ, (1.2.1) means that the kernel ofR α consists precisely of the ℓ-divisible elements in the group F * /Nrd(α).
We feel that the definition below is now well motivated. Definition 1.3. Let F be a field, ℓ a prime number and n a positive integer. We say that F is Rost ℓ n -divisible if Suslin's conjecture holds (i.e. the Rost kernel equals the Suslin kernel) for all α ∈ Br(F ) whose period divides ℓ n . We say that F is Rost ℓ ∞ -divisible if it is Rost ℓ n -divisible for all n ≥ 1. If F is Rost ℓ ∞ -divisible for all primes ℓ, we say that F is Rost divisible. (In that case, the Rost kernel equals the Suslin kernel for all Brauer classes over F , by Prop. 3.4.)
Of course, the cases covered by Example 1.1 are all examples of Rost divisibility. On the other hand, the counterexample to the equality ker(R α ) = Nrd(α) discussed in [CTPS12, Remark 5.1] is not a counterexample to Suslin's conjecture. In fact, in characteristic different from 2, the Rost and Suslin kernels are the same for all Brauer classes of degree at most 4. This was remarked by Suslin immediately after the statement of his conjecture ([Sus85, Conjecture 24.6]). His proof, which uses K-cohomology groups of Severi-Brauer varieties, can be found in [Mer95, §1] . For biquaternion algebras, an alternative proof is given in [KLST95] . In §2 we will extend this last result to characteristic 2 and derive a number of examples of Rost 2-divisibility.
However, not all fields are Rost 2-divisible and Suslin's conjecture can be false for some α which is a tensor product of three quaternion algebras (see e.g. [KLST95, p.283] ). For an odd prime ℓ, Merkurjev constructed in [Mer95, §2] over a certain field F tensor products of two cyclic algebras of degree ℓ that violate Suslin's conjecture. We notice that in these known counterexamples the cohomological dimension cd ℓ (F ) must be greater than 3 (see §6 for some more details). We therefore conjecture that Suslin's conjecture is true whenever cd ℓ (F ) ≤ 3 if char(F ) = ℓ (see Conjecture 6.2 for a more precise statement).
The goal of this paper is to provide some evidence to our conjecture.
Theorem 1.4. Let F be a henselian (e.g. complete) discrete valuation field with residue field k. Let ℓ be a prime number different from char(k). Suppose that the following properties hold for every finite cyclic extension L/k of degree 1 or ℓ:
is injective.
Then the field F is Rost ℓ-divisible.
The proof of this theorem will be given in §4 (page 13). We will see in Remark 6.3 that Condition 2 in the above theorem cannot be dropped, although it is not a necessary condition for F to be Rost ℓ-divisible.
Theorem 1.4 also has a version in the case ℓ = char(k). But more definitions and technical assumptions have to be introduced for a proper statement of that version. So we postpone it to §5 (see Theorem 5.3). Corollary 1.5. Let F, k and ℓ be as in Theorem 1.4. Assume that the residue field k satisfies one of the following conditions:
2. k is a 2-local field; 3. k = k 0 ((x))((y))((z)), where k 0 is an algebraically closed field (of characteristic = ℓ).
Then F is Rost ℓ-divisible.
Proof. It is sufficient to show that k has the two properties stated in Theorem 1.5. The case with cd ℓ (k) ≤ 2 is clear (see Example 1.1 (2) for the Rost divisibility). When k is a 2-local field, the Rost divisibility condition is satisfied according to Example 1.1 (4) and the corestriction injectivity property holds by [Kat80, p.660, §3.2, Prop. 1]. In the third case, the injectivity of corestriction can be shown in the same way as for 2-local fields. The Rost ℓ-divisibility of k follows from Case 1.
In the above corollary the field k can also be a number field or the field R((x)). In that situation only the case ℓ = 2 needs to be treated. For a number field the H 3 -corestriction injectivity can be deduced from a result of Tate on the cohomology of global fields (cf. [NSW08, Cor. 8.3.12 (iii)]). However, we feel that a simpler method in that case is to utilize the theory of quadratic forms (see Example 2.2 (4.b)).
We think that whether the field F in Corollary 1.5 is Rost ℓ ∞ -divisible is an interesting open problem. In general, we wonder if there is an approach to pass from the Rost ℓ-divisibility to the ℓ ∞ -divisibility. A special case is treated in the following theorem, which we will prove in the second half of §4 (see (4.5)-(4.8)). Theorem 1.6. Let ℓ be a prime number and n ∈ N * . Let k be a henselian discrete valuation field of residue characteristic different from ℓ. Let F be a henselian discrete valuation field with residue field k.
If cd ℓ (k) ≤ 2 and µ ℓ n ⊆ k (i.e., k contains a primitive ℓ n -th root of unity), then F is Rost ℓ n -divisible.
For example, the field C(x)((y))((z)) is Rost divisible according to the above theorem.
Rost kernel of biquaternion algebras
As a warmup, we extend Suslin's conjecture for biquaternion algebras to the characteristic 2 case.
Recall that by a theorem of Albert, a biquaternion algebra over any field F is the same as a central simple F -algebra of period 2 and degree 4 (see e.g. [KMRT98, Thm. 16 .1]). Proposition 2.1. Let F be a field and let α ∈ Br(F ) have period 2 and index 4. Suppose
If moreover the u-invariant of F is less than 12 (meaning that every nonsingular quadratic form of dimension 12 over F is isotropic), then λ ∈ Nrd(α).
As was mentioned in the introduction, the proof of the above result in characteristic different from 2 already exists in the literature. The first assertion can be found in [KLST95] or [Mer95] , and the second one follows from [PS15, Thm. 4.1] (see also our remarks in Example 1.1 (6)).
To complete the proof of Prop. 2.1, we need to use basic facts about quadratic forms and cohomology theories in characteristic 2 which we now recall. The reader may consult [EKM08, Chapters 1 and 2] and [Kat82] for more details.
Let F be a field of characteristic 2. For any a, b ∈ F , we denote by [a, b] the binary quadratic form (x, y) → ax 2 + xy + by 2 . A quadratic 1-fold Pfister form over F is a quadratic form of the type [1, b] for some b ∈ F . For n ≥ 2, a quadratic n-fold Pfister form is a tensor product of a bilinear (n − 1)-fold Pfister form with a quadratic 1-fold Pfister form, i.e., a form of the shape
The group of Witt equivalence classes of nonsingular (even dimensional) quadratic forms over F will be denoted by I q (F ) or I 1 q (F ), and for each n ≥ 1, I n q (F ) denotes the subgroup of I q (F ) generated by scalar multiples of quadratic n-fold Pfister forms.
For a natural number r ∈ N, we have the Kato-Milne cohomology group H r+1 2 (F ) = H r+1 (F , Z/2Z(r)), which can be described using absolute differentials. (A brief review about these groups will be given in (5.1).) For each n ≥ 1 there is a well defined group homomorphism e n : I e n (ϕ) = e n (ψ) ⇐⇒ ϕ ∼ = ψ for all quadratic n-fold Pfister forms ϕ and ψ over F .
Proof of Proposition
) be a biquaternion algebra representing the Brauer class α, where [b, a) denotes the quaternion F -algebra generated by two elements x, y subject to the relations
Then the quadratic form φ :
and for any λ ∈ F * ,
The cohomological invariant e 3 : (2)). When α ∪ (λ) = 0, we can deduce from (2.1.1) and [KMRT98, (16.6 
This proves the first assertion. Now assume further that every nonsingular quadratic form over dimension 12 over F is isotropic. Then for the Albert form φ and any ρ ∈ F * , the form 1, −ρ ⊗φ is isotropic and hence ρ is a spinor norm for φ. By [KMRT98, Prop. 16.6], we have ρ 2 ∈ Nrd(α). This shows F * 2 ⊆ Nrd(α). So the second assertion follows.
Example 2.2. Prop. 2.1 implies that a field F is Rost 2-divisible if every Brauer class in Br(F ) [2] has index at most 4. The following fields F possess this property:
1. Any field F of characteristic 2 with [F :
This is a well known theorem of Albert (cf. [GS17, Lemma 9.1.7]).
is an iterated Laurent series field in three variables over quasifinite field k 0 of characteristic 2.
Here by a quasi-finite field we mean a perfect field whose absolute Galois is isomorphic to that of a finite field. That every Brauer class in Br(F ) [2] is a biquaternion algebra is proved in [AJ95, Thm. 3.3].
3. A field extension F of transcendence degree 2 over any finite field ([Lie15]).
4. A complete discrete valuation field F whose residue field k satisfies one of the following hypotheses:
(a) k has characteristic 2 and [k :
(b) k has characteristic different from 2 and every 2-torsion Brauer class over k is (the class of) a quaternion algebra. This case follows from Witt's decomposition of the 2-torsion Brauer subgroup Br(F ) [2] (see (4.1.3)).
Concrete examples of k include:
, where k 0 is a quadratically closed field.
Case (i) is well known. (Notice however that the result here is covered by Example 1.1 (4) and (5.a) unless k is a number field with real places.) For C 2 -fields the assertion follows from an easy consideration of the isotropy of Albert forms of biquaterion algebras. For the field k = R((x)), the group Br(k) [2] can be computed explicitly. 
The Suslin kernel
In this section, we prove some general properties of the Suslin kernel of an arbitrary Brauer class and show that the general case can be reduced to the case of prime power degree classes.
(3.1) Let F be a field and α ∈ Br(F ). By a well know result, called the norm principle for reduced norms (cf. [GS17, Prop. 2.6.8]),
where L/F runs over finite separable extensions splitting α that can be F -embedded into the central division algebra D α in the Brauer class α, and M/F runs over finite extensions that split α. As an easy consequence, Nrd(α) ⊆ Nrd(tα) , ∀ t ∈ Z and equality holds if gcd(t, per(α)) = 1 . Moreover, for all α 1 , α 2 ∈ Br(F ),
Indeed, a field extension M/F splits α 1 + α 2 if and only if it splits both α 1 and α 2 , since the periods of α 1 and α 2 are coprime. So the norm principle shows that
Conversely, suppose λ ∈ Nrd(α 1 )∩Nrd(α 2 ). Letting D i be the central division F -algebra in the Brauer class α i for i = 1, 2, by the norm principle we can find a subfield
is clearly a splitting field of α 1 + α 2 , we get λ ∈ Nrd(α 1 + α 2 ). This proves (3.1.2).
(3.2) Now define the Suslin kernel S(α) of α ∈ Br(F ) to be the following subgroup of F * :
In fact, writing e = per(α) we have
Also, from the definition and (3.1.1) we see easily that
We can prove the following analog of (3.1.2):
Proof. For every i ≥ 1, we have gcd(per(iα 1 ), per(iα 2 )) = 1. So by (3.1.2), Nrd(iα 1 + iα 2 ) = Nrd(iα 1 ) ∩ Nrd(iα 2 ) and hence
Together with (3.2.1) this proves S(α 1 + α 2 ) ⊆ S(α 1 ) ∩ S(α 2 ). Conversely, suppose λ ∈ S(α 1 ) ∩ S(α 2 ). Write e i = per(α i ) and α = α 1 + α 2 . Using (3.2.2) we find λ e 2 ∈ S(α 1 ) e 2 = S(e 2 α 1 ) e 2 = S(e 2 α) e 2 ⊆ S(α)
and similarly, λ e 1 ∈ S(α). Since gcd(e 1 , e 2 ) = 1, a standard argument yields λ ∈ S(α) = S(α 1 + α 2 ). This proves the lemma.
The result below is immediate from Lemma 3.3.
Proposition 3.4. Let F be a field and N a positive integer. If F is Rost ℓ n -divisible for every prime power ℓ n that divides N, then for all α ∈ Br(F )[N] we have
i.e., the Rost kernel and the Suslin kernel of α coincide. Consequently, if F is Rost divisible (i.e., Rost ℓ ∞ -divisible for every prime ℓ), then the Rost kernel and the Suslin kernel are the same for all α ∈ Br(F ).
This proposition shows that our reformulation of Suslin's conjecture (cf. (1.2) ) is equivalent to the original one given in [Sus85, (24.6)]. 
Proofs of main results
We prove our main theorems 1.4 and 1.6 in this section. 
) for all d ∈ N * , the cohomology being the Galois cohomology. An element χ 0 ∈ H 1 (k) can be determined by a pair (E 0 /k, σ), where E 0 /k is the cyclic extension and σ is a generator of the cyclic Galois group Gal(E 0 /k). The correspondence between χ 0 and (E 0 /k, σ) is established by requiring that the continuous homomorphism χ 0 : Gal(k s /k) → Q ℓ /Z ℓ has kernel Gal(k s /E), k s denoting a fixed separable closure of k, and that σ ∈ Gal(E 0 /k) is the generator which is mapped to the canonical generator of the cyclic group Im(χ 0 ). Since the role played by σ is almost never explicit in our arguments, we will simply write χ 0 = (E 0 /k).
By the canonical lifting χ ∈ H 1 (F ) of χ 0 we shall mean the image of χ 0 under the inflation map H 1 (k) → H 1 (F ). Explicitly, χ is defined by the pair (E/F, σ) where E/F is the unramified extension with residue field extension E 0 /k and σ ∈ Gal(E/F ) is the generator corresponding to σ via the natural isomorphism Gal(E/F )
Just as for χ 0 , we will write χ = (E/F ) for short.
For any element b ∈ F * , we write
for the Brauer class given by the cup of χ ∈ H 1 (F ) and (b) ∈ H 1 (F, Q ℓ /Z ℓ (1)). For each d ≥ 1, there is a well known homomorphism, called the residue map,
Here we are mostly interested in the residue maps defined on H 2 and H 3 . We make our choice of sign in a way that the following formulas hold: For all λ, µ ∈ F * and χ 0 ∈ H 1 (k) with canonical lift χ ∈ H 1 (F ), we have
Moreover, we have an exact sequence
for which the choice of the uniformizer π determines a splitting
The map ι can be viewed as the inflation map
, where O F is the valuation ring of F . A Brauer class in the kernel of the residue map ∂ :
, we may write
where (E/F ) = χ is the canonical lifting of χ 0 := ∂(α) ∈ H 1 (k), For any λ ∈ F * , if we write 
(4.1.6) Lemma 4.2. With notation as above, if r = v F (λ) is coprime to ℓ, then
Proof. Let ℓ n = ind(α) be the index of α. There exist integers s, c ∈ Z such that rs + cℓ n = 1. Replacing λ with λ s π c.ℓ n , we may assume r = v F (λ) = 1. Then by (4.1.6),
and the lemma is thus proved.
Lemma 4.3. With notation as in (4.1.4), write ℓ n = per(α) and assume that k is Rost
Proof. Suppose α ∪ (λ) = 0. From (4.1.6) it follows that per(α) = ℓ n divides r = v F (λ). Thus, using the notation of (4.1.5), we get
Since α = α ′ is unramified and θ is a unit in F , the cohomology class α∪(θ) is unramified. So its specialization α ∪θ ∈ H 3 (k) vanishes. By the Rost ℓ n -divisibility, we have
Thus, there exist finite (separable) splitting fields l i /k of ℓ n−i α for i = 0, 1, . . . , n and
Let L i /F be the unramified extension with residue field
(using that ℓ n | r). This completes the proof.
Lemma 4.4. With notation as in (4.1), suppose that r = v F (λ) is a multiple of ℓ n = per(α). Write ℓ m = per(α E ). Assume the following properties hold for the residue field E 0 of E:
The corestriction map H
Proof. Replacing λ by λ.π −r , we may assume r = v F (λ) is zero. The hypothesis α∪(λ) = 0 implies (E/F, λ) = 0 ∈ Br(F ) (by (4.1.6)), whence λ = N E/F (µ) for some unit µ in E. By the projection formula for corestrictions, we have
Notice that α E = α ′ E ∈ Br(E) is unramified. So the cohomology class α E ∪ (µ) ∈ H 3 (E) is unramified and we have Cor E 0 /k (α E ∪μ) = 0 ∈ H 3 (k). By the corestriction injectivity assumption, α E ∪ (μ) = 0 and hence α E ∪ µ = 0 ∈ H 3 (E). Since the residue field E 0 of E is Rost ℓ m -divisible by assumption, we deduce from Lemma 4.
The proof of Theorem 1.4 is now immediate.
Proof of Theorem 1.4. Let α ∈ Br(F ) be a Brauer class of period ℓ. Assume the two conditions (Rost ℓ-divisibility and H 3 -corestriction injectivity) in the theorem hold. Required to show is the following statement:
. If the valuation r = v F (λ) is coprime to ℓ, the result follows directly from Lemmas 4.2. Otherwise r is a multiple of per(α) = ℓ. As in the proof of Lemma 4.4 we may then assume v(λ) = 0, which implies λ ∈ N E/F (E * ). If α E = 0, then N E/F (E * ) ⊆ Nrd(α) and we are done. Otherwise per(α E ) = ℓ and it suffices to apply Lemma 4.4.
The rest of this section is devoted to the proof of Theorem 1.6. (4.5) Throughout what follows, we keep the notation and hypotheses of Theorem 1.6. Let α ∈ Br(F )[ℓ n ] and suppose λ ∈ F * lies in the Rost kernel of α, i.e.,
We fix a uniformizer π of F and decompose α into α = α ′ + (E/F, π), where α ′ ∈ Br(F ) is unramified and E/F is a cyclic unramified extension whose degree divides ℓ n . Note that the residue field extension E 0 /k of E/F determines the residue ∂(α) ∈ H 1 (k) of α. Also, we write
Our goal is to prove λ ∈ S(α).
We first explain a few reductions for the proof.
1. Without loss of generality, we may and we will assume per(α) = ℓ n .
2. We may assume v F (λ) = ℓ m with 0 ≤ m < n.
Indeed, we have already seen that this is true if per(α) = ℓ n | v F (λ) (cf. Lemma 4.4). Thus, we may assume v F (λ) = ℓ m s with 0 ≤ m < n and s / ∈ ℓZ. Choose a, b ∈ Z such that sa + bℓ n−m = 1. Let λ 1 = λ a .π bℓ n . Then
If we know λ 1 ∈ S(α), then we can deduce that λ a ∈ S(α). Since the quotient group F * /S(α) is ℓ-primary torsion, this will imply λ ∈ S(α) as desired.
3. In the remainder of this section, we shall prove λ ∈ S(α) by induction on m. The case m = 0 has already been treated in Lemma 4.2, which is valid even without assuming cd ℓ (k) ≤ 2 nor µ ℓ n ⊆ k.
So we will assume 1 ≤ m < n from now on.
4. We may further assume ℓ m α ′ = 0.
Thus, by Lemma 4.4 we have θ ∈ S(α). On the other hand, since
, proving what we want.
5. We may assume λ / ∈ F * ℓ .
Indeed, if λ = λ ℓ 1 for some λ 1 ∈ F * , then ℓα ∪ λ 1 = 0 and v F (λ 1 ) = ℓ m−1 < ℓ m . By induction on m we have λ 1 ∈ S(ℓα) and hence λ ∈ S(ℓα) ℓ ⊆ S(α).
(4.6) With notation and hypotheses as above, by an inductive pair of (α, λ) we mean a degree ℓ extension L/F together with an element µ ∈ L * such that λ = N L/F (µ) and µ ∈ S(α L ). Clearly, if such a pair exists, we will have λ ∈ S(α).
To obtain an inductive pair, our basic strategy is the following: If L/F is an unramified extension of degree ℓ with residue field L 0 /k and if ξ ∈ U L is an element such that
then the pair (L/F, µ := (−π) ℓ m−1 ξ) is an inductive pair of (α, λ). To prove this, first observe that the element µ = (−π) ℓ m−1 ξ clearly satisfies N L/F (µ) = λ. Moreover, computing the residue of α L ∪ µ and taking (4.6.1) into account we get
Since the residue field L 0 has cohomological ℓ-dimension ≤ 2, it follows that α L ∪ µ = 0. Noticing that v L (µ) = ℓ m−1 < ℓ m , the induction hypothesis implies µ ∈ S(α L ). This proves our claim.
(4.7) Consider the canonical imageθ ∈ k of θ ∈ U F . Suppose that there exists a (separable) degree ℓ extension L 0 /k and an element ξ 0 ∈ L * 0 such that
Then we may take L/F to be the unramified extension with residue field
This means that (L/F, ξ) is a pair satisfying (4.6.1).
Thus, the proof of our main result is reduced to a problem that only involves data over the residue field k: the imageθ ∈ k of θ ∈ U F , the residue Brauer classᾱ ′ ∈ Br(k) and the cyclic extension E 0 /k determined by the residue ∂(α) ∈ H 1 (k) of α. Notice that the assumption α∪λ = 0 at the beginning implies that ℓ m .ᾱ ′ = (E 0 /k,θ). Also, we have assumed λ / ∈ F * ℓ , so thatθ / ∈ k * ℓ .
Changing notation, we are left to prove the following key lemma:
Lemma 4.8. Let k be a henselian discrete valuation field with residue field k 0 . Assume that char(k 0 ) = ℓ and cd
Then there exists a degree ℓ extension L/k and an element ξ ∈ L * such that
is a degree ℓ extension of k and the element
The extension L/k is totally ramified, so the residue field L 0 of L is the same as the residue field k 0 of k. In the commutative diagram with exact rows (cf. [GMS03, p.21, Prop. 8.6])
Next let us assume ℓ | v k (θ). We shall construct an unramified extension L/k of degree ℓ together with an element ξ ∈ L * such that
This condition is equivalent to (4.8.1) by the assumption on the cohomological dimension.
We choose a uniformizer x of k and write θ = θ 0 x ℓs , where s ∈ Z and v k (θ 0 ) = 0.
By associating to each cyclic extension M 0 /k 0 of ℓ-power degree the Brauer class of the cyclic algebra (M/k, x), M/k denoting the unramified extension with residue field M 0 /k 0 , we get an inverse of the isomorphism ∂ :
. In particular, we may write β = (M/k, x) for some unramified cyclic extension M/k of degree dividing ℓ n . By Kummer theory (and using the assumption µ ℓ n ⊆ k), we have
(Note that we have v k (b) = 0 since M/k is unramified.) Using a fixed primitive ℓ n -th root of unity, we may write β in the form of a symbol algebra: β = (b, x) ℓ n . Similarly, we may write
Suppose L/k is an unramified extension of degree ℓ for which we can find an element ξ 0 in the residue field L 0 such thatθ 0 = N L 0 /k 0 (ξ 0 ). Then there exists a lifting ξ 0 ∈ U L of ξ 0 with N L/k (ξ 0 ) = θ 0 . (The basic idea for the proof of this statement has been discussed in (4.7).) Thus, θ = θ 0 x ℓs is the norm of ξ :
and
where a 0 := x v(a) /a. (Here we use a primitive root of unity to identity H 1 (L 0 ) with L * /ℓ n .) Therefore, to have condition (4.8.2) satisfied, it suffices to find a degree ℓ
Notice that the assumption ℓ m β = (K/k, θ) = (a, θ) ℓ n yields , and henceb
andc =c
Note thatc =c
. Thus, (4.8.5) impliesρ =ρ
Finally,b
The last term belongs to L * ℓ n 0 , by (4.8.5). We have thus obtained a pair (L 0 /k 0 ,ξ 0 ) satisfying (4.8.3). So the proof is finished.
The bad characteristic case
Our aim in this section is to state and prove a variant of Theorem 1.4 for Brauer classes of prime period p, when p is the characteristic of the residue field k.
where F nr denotes the maximal unramified extension of F . There is a natural inflation(In characteristic different from p, both the separable p-dimension and Kato's p-dimension are defined to be the same as the cohomological p-dimension.)
It is easy to see that sd p (k) ≤ dim p (k). Moreover, it can be shown that
Therefore, we have the following implications: 
Corollary 5.6. Let F be a henselian excellent discrete valuation field with residue field k of characteristic p.
Proof. Combine (5.3), (5.4) and (5.5).
Example 5.7. We give some further examples to which Theorem 5.3 applies, i.e., examples where the residue field k satisfies the two conditions of the theorem.
We first note that by [KK86, p.234, Prop. 2 (2)] (or [AB10] ), if k is a C 2 -field of characteristic p, then dim p (k) ≤ 2, so that Condition 2 of 5.3 holds by Remark 5.4. If p = 2, Condition 1 is true for any C 2 -field k of characteristic 2. (The period-index condition for 2-torsion Brauer classes can be shown easily by considering the Albert forms of biquaternion algebras.)
For general p, the field k can be any of the following fields:
3. k = F((x))((y)), where F is a finite field of characteristic p. 6 A modified version of Suslin's conjecture
Our main results (Theorems 1.4 and 1.6) provide new examples of fields of cohomological dimension 3 that satisfy Suslin's conjecture 1.2. On the other hand, there does exist counterexamples to Suslin's conjecture as we have said in the introduction. We shall now have a closer look at the known counterexamples.
(6.1) Let ℓ be a prime. Let k be a field of characteristic different from ℓ and suppose that k contains a primitive ℓ-th root of unity. Let F = k(t 1 , . . . , t n ) be a purely transcendental extension in n variables over k. Let a 1 , . . . , a n ∈ k
√ a n ). Let α ∈ Br(F ) be the Brauer class of the tensor product ⊗ n i=1 (a i , t i ). By [Mer95, Prop. 2.5], a necessary condition for ker(R α ) = S(α) is (6.1.1)
For any odd prime ℓ and n = 2, Merkurjev constructed in [Mer95, §2] examples where (6.1.1) fails, whence an example with ker(R α ) = S(α). If ℓ = 2 and n = 3, (6.1.1) is encoded in the property P 1 (3) of fields defined and studied in [Tig81] and [STW82] (see also [Gil97, p.741, Prop. 3]). Thus, for a field k that does not possess this property (cf. [STW82, §5] ) one can find counterexamples to (6.1.1).
Note however a simple observation: (6.1.1) holds trivially if the field k satisfies cd ℓ (k) ≤ 1. Therefore, in the above counterexamples we must have cd ℓ (k) > 1 and hence cd ℓ (F ) > 3.
The above discussions together with the main results of this paper lead us to propose the following modification of Suslin's conjecture:
Conjecture 6.2. Let ℓ be a prime and F a field with separable ℓ-dimension sd ℓ (F ) ≤ 3 (cf. Remark 5.4). Then F is Rost ℓ ∞ -divisible.
As a related question, one may ask whether every C 3 -field is Rost divisible. When ℓ = char(F ), Conjecture 6.2 is true if for every Severi-Brauer variety X associated to an ℓ-power degree division algebra over F , the Chow groups CH d (X), d ≥ 1 are all torsion free (cf. [Mer95, Prop. 1.11]. In fact, it suffices to assume CH d (X) is torsion free for d ≥ 3.) Remark 6.3. The rational function field k = C(x, y) does not have the property P 1 (3) ([STW82, Cor. 5.6]), so one can find quadratic extensions M i = k( √ a i ), i = 1, 2, 3 such that (6.1.1) fails. Similar to [Mer95, Prop. 2.5], for the field K = k((t 1 ))((t 2 ))((t 3 )) and the Brauer class α of ⊗ So, the field K = k((t 1 ))((t 2 ))((t 3 )), with k = C(x, y), is not Rost 2-divisible. This shows that Theorem 1.4 can be false if we drop the H 3 -corestriction injectivity assumption, for otherwise it would imply by induction that the field K here is Rost 2-divisible.
